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Abstract. In this paper, we describe a systematic 
approach to the theoretical analysis of non-equi- 
librium voltage noise that arises from ions moving 
through pores in membranes. We assume that an ion 
must cross one or two barriers in the pore in order 
to move from one side of the membrane to the other. 
In our analysis, we consider the following factors: 
a) surface charge as a variable in the kinetic equations, 
b) linearization of the kinetic equations, c) master 
equation approach to fluctuations. To analyze the 
voltage noise arising from ion movement through a 
two barrier (i.e., one binding site) pore, we included 
the effects of ions in the channel's interior on the 
voltage noise. The current clamp is considered as a 
white noise generating additional noise in the system. 
In contrast to what is found for current noise, at low 
frequencies the voltage noise intensity is reduced by 
increasing voltage across the membrane. With this 
approach, we demonstrate explicity for the examples 
treated that, apart from additional noise generated 
by the current clamp, the non-equilibrium voltage 
fluctuations can be related to the current fluctuations 
by the complex admittance. 

Key words: Voltage noise, steady-state fluctuations, 
current clamp, ion pores, Nyquist relation 

1. Introduction 

In the last 15 years the analysis of membrane noise 
has become a well established method in the study 
of ion transport through biological membranes 
(Verveen and De Felice 1974; Chen 1978; for further 
references see De Felice 1981). The need for a satis- 
factory analysis of noise measurements, and the fact 
that the most interesting states to be analyzed are 
states far from thermodynamic equilibrium, has 
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stimulated theoretical work on non-equilibrium fluc- 
tuations in membranes. Most of this experimental 
and theoretical work has been concerned with current 
fluctuations. It has been possible to develop a theo- 
retical formalism (Frehland 1982) by which current 
fluctuations in membranes can be described very 
generally. The application to a number of different 
charge transport processes, e.g., carrier-mediated ion 
transport, transport through pores, channels with 
open-close kinetics or electrogenic pumps (L/iuger 
1984) has shown that such directed (vectorial) trans- 
port processes exhibit non-equilibrium fluctuation 
properties which are basically different from steady- 
state fluctuations of (scalar) quantities such as, for 
example, density fluctuations. An important finding 
is that it is impossible to generalize the Nyquist rela- 
tion (fluctuation dissipation theorem) for non-equi- 
librium states (Frehland 1980). This theoretical result 
has been confirmed by experimental studies (Fishman 
et al. 1983; Kolb and Frehland 1980). 

There is also a need for a theoretical description 
of voltage fluctuations. Apart from the general interest 
in finding a satisfactory analysis for this type of electric 
fluctuation, the occurrence of voltage fluctuations 
may be important for the control of processes in 
biological membranes on the molecular level. On the 
one hand the fluctuations give rise to a limit in the 
sensitivity of such processes. On the other hand, pro- 
cesses may be stochastically switched on or off by 
fluctuations. Furthermore, there is a need to show 
which types of information can be obtained from 
voltage noise experiments. 

In this paper we start a systematic approach to the 
theoretical treatment of voltage noise at non-equi- 
librium steady states. At equilibrium, the spectral 
densities GAj(Og), GAv(a)) of current and voltage fluc- 
tuations are related to the complex admittance Y(c0) 
through the Nyquist relations (Nyquist 1928; Callen 
and Welton 1951; Callen and Greene 1952; Bell 
1960). 
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GAj(o)) = 4 k T  Re Y(~o) (1.1) 

GAV((.O ) = 4 k T  Re . (1.2) 

(J: electric current, V: voltage, o): circular frequency, 
k: Boltzmann constant, T: absolute temperature). 

Hence the spectral densities are related by the 
expression 

1 
= 1 r (o , )?  (1.3) 

Though the Nyquist relations are not valid under 
non-equilibrium conditions it is nevertheless not clear 
if the relation (1.3), between current and voltage 
noise, is invalid. If Eq. (1.3) could be proved, the 
theoretical description of non-equilibrium voltage 
noise could be based on the well-developed current 
noise approach and raises no further fundamental 
problems. Indeed, based mainly on the linear theory 
of electric networks it has been argued that Eq. (1.3) 
might generally be valid (Verveen and De Felice 1974; 
De Felice 1981). 

Starting with the most simple example of ions 
crossing the membrane by jump diffusion over one 
barrier we derive a basic concept for the description 
of voltage noise: a) introduction and theoretical treat- 
ment of current clamp, b) inclusion of surface charge 
as a further variable in the kinetic equations, c) de- 
pendence of voltage on charge densities and mem- 
branes capacitance, d) linearisation of the kinetic 
equations via the linearisation of the voltage de- 
pendent rate constant and e) calculation of voltage 
noise with the use of well established approaches to 
scalar density fluctuations. This approach to voltage 
noise is basically different from the approach to cur- 
rent noise. Nevertheless, in the examples, treated, 
one-barrier pores and pores with one binding site, 
the relation in Eq. (1.3) is valid, if one considers only 
the noise inherent to the system and neglects addi- 
tional noise generated by the current clamp. 

In contrast to current noise, the voltage noise 
intensity at low frequencies is reduced for increasing 
voltage, behaviour which seems to be typical for 
voltage noise in rigid transport system, and which is 
shown to be valid for voltage noise generated by the 
current clamp. 
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Fig. 1. One barrier model of the membrane under non-equilibrium 
current clamp, generating a constant flux, Cs, of charges to the 
left and from the right side of the membrane 

voltage fluctuations we have to introduce the constant 
current condition. Thus, in a voltage noise experiment 
at non-equilibrium steady-state a constant net flux, q~s, 
of charge (ions) has to be delivered to one side and 
a constant effiux has to be drained from the other 
side of the transport system (membrane) (c.f. Fig. 1). 
Because of the discrete nature of charge carriers this 
constant current source may exhibit its noise in addi- 
tion to the transport system being analyzed. The most 
realistic way is to treat the current clamp as a white 
voltage noise source because the constant current is 
imposed on the system independently of the (trans- 
port) processes occurring within the system to be 
analyzed. Below we shall see that the current clamp 
noise yields an additive term to the total voltage noise. 

2.2 Surface density o f  charge carriers and voltage 

In the simple case that is the subject of this section 
the transport of charges is assumed to involve jump 
diffusion over one barrier and the charges are located 
at both sides of the membranes (c.f. Fig. 1). The 
voltage, V, across the membrane is composed of a 
constant voltage, V s, and a fluctuating part A V: 

V = V' + A V. (2.1) 

Introducing the membrane capacitance C, the voltage, 
V, is directly related to the difference 

2. Voltage noise for a simple one-barrier model 

2.1 Current clamp 

While the fluctuations of electric current are usually 
analyzed under the condition of constant voltage ap- 
plied to the system, for definition and analysis of 

n = n l -  nr (2.2) 

between surface densities nr and nl of the charges q 
on the right and left sides of the membrane, re- 
spectively. 

V =  q ~ . n .  (2.3) 
2 C  
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Then the fluctuating part, A V of V, is given by the 
difference A n  from the steady-state value n s of n. 

q 
A V  = A n .  (2.4) 

2 C  

2.3 Kinetic equations f o r  surface density 

According to Eq. (2.4) the voltage fluctuations are 
linearly coupled to the fluctuations in the surface 
density of charges. The equation governing the time 
dependent averaged (expected) behavior ( A n )  of 
A n  is a standard rate equation: 

d (An)  
- 2 (k l (n , )  - k~ ( n r ) )  + 2 ~b ~ . ( 2 . 5 )  

dt 

diffusion length is - 1.5. 10 -7 cm. Then for ionic 
concentrations of ~ 10 -1 M -1 the number of ions 
available per cm 2 membrane area is indeed - 2 orders 
of magnitude greater than 6 • 1011. 

Furthermore, we take into account the fact that 
the following relation holds in the stationary state 

~)s = ~,f l  l __ ffSrlTlr. (2.9) 

Then, we get from Eq. (2.5) the linearized kinetic 
equations 

d ( A n )  
- K .  <An>, 

dt 

K = 2 q2a (refit + fCrh~) (2.10) 

The first two terms on the RHS of Eq. (2.5) are the 
rates for jumps to the right and left, respectively. The 
last term takes into account the constant fluxes, ~b ~, 
to and from the membrane on the left and right sides, 
generated by the current clamp. The rate constants 
are voltage dependent: 

Au Au 
kl = fct " e T , kr = kr " e - T  

A R  = ~ T A V ,  kl = k l ( V S ) ,  kr  = kr(VS) . (2.6) 

According to Eq. (2.4) the voltage dependence can 
be expressed by An.  Linearization of Eq. (2.6) for 
small A u yields 

kl ~ /el(1 + q2 a d n )  

kr ~- £r(1 - q2 a A n )  (2.7a) 

1 
with a - 

4 k T C "  

Left and right surface densities are given by 

nl = ht 1 + , n r  = fir 1 -- . (2.7b) 

In the following we shall neglect An and Art. This 
nl  nr  

An.  
is justified if in Eqs. (2.7a) and (2.7b) ~ l S  small 

n 
compared with q 2 a .  A n  and hence for the surface 
densities, c,, of ions [cm -2] on the membrane surfaces 
the following relation holds 

1 
c. [cm 2] >> _ _  = 6" 1011 [cm -2] . (2.8) q2a 

We have set a value for the membrane capacitance 
of ~ 10 -6 [F. cm-2]. Assuming maximum transport 
rates of - -10  9 s -1 per channel the corresponding 

with the solution 

(An(t)> = (An(0)> o ( t ) ,  

1 q2 

v - 2 k T C  (refit + ffSrFIr) • 

(2(t) = e -t/~ , 

(2.11) 

2.4 Autocorrelation, variance, 
Fokker -P lanck  m o m e n t  

The steady-state fluctuations of (scalar) quantities in 
discrete systems can be calculated with the use of a 
general approach developed by Lax (1960), Van Vliet 
and Fassett (1965) and others. As far as is necessary 
this approach is briefly summarized in Appendix A1. 

According to Eq. (A.8) the autocorrelation func- 
tion CAn(t) of the fluctuating quantity, An,  is given 
by the fundamental solution/2 in Eq. (2.11) of the 
linearized kinetic Eq. (2.10): 

= (An(0)  An(t)) = O(t) 4 .  

and the variance ~ is given by: 

O'2An = ( A n  A n ) .  (2.12) 

The variance is determined with Eq. (A.6) by the 
Fokker-Planck moment, B(nS), of the steady-state 

az~n - B(nS) (2.13) 
2 K  

with 

B(n' )  = ~, A n  2 Q(n" + A n  ; n ~ ) .  ( 2 . 1 4 )  
An 

Q(n  s + A n ; n ~) are the transition probabilities per unit 
time from the steady-state to states n ~ + An.  We have 
to sum over all states, n s + An ,  with nonvanishing 
O(n* + A n ;  n'). 
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First, transitions from the steady-state may be 
generated by jumps of charges to the right and to 
the left, each jump connected with a change, A n  = - 2 
or A n = + 2. Therefore 

Q ( A n  = + 2 ;  n ~) = ff.rITlr, 

Q ( A n  = - 2 ; n ~) = klht . (2.15) 

Second, the current clamp may generate transi- 
tions from the steady-state. If q~ is generated by dis- 
crete jumps of charges q to the left side and away from 
the right side (unidirectional fluxes), the correspond- 
ing change, An,  is + 1, with a transition probability: 

Q ( A n  = + l ; n*) = 2 q~ *. (2.16) 

Using Eqs. (2.15) and (2.16) the Fokker-Planck 
moment B(n  ~) follows from Eq. (2.14) 

B(n,)  = 4 ([Clhl + [c~&) + 2 q~s (2.17) 

and the variance is obtained from Eqs. (2.13), (2.10) 
and (2.17) 

4 n  1 q~S = - -  + . (2.18) 
qZ a 2 q2 a(fqht + k~hr) 

Thus, the autocorrelation function of fluctuations, A n, 
in Eq. (2.12) is completely determined by Eqs. (2.11) 
and (2.18). 

Because of the linear coupling of voltage to n, 
according to Eqs. (2.3) and (2.4), the autocorrelation 
function of voltage fluctuations, Ca v(t), is given by 
CAn(t) through: 

q2 
CAr(t) = ~ C~n(t). (2.19) 

Hence we get from Eqs. (2.19), (2.11), (2.18), and 
(2.7) 

CAv(t) = e -t/~" a2v , 

4 v = ~ 1 + 2 ( k f i , +  krl; lr)  " 
(2.20) 

follows from the The spectral density, G~v(o)), 
Wiener-Khintchine relations by Fourier transforma- 
tion of C~ v(t) 

GAV(o)) = 4 f CAV(t) COS o)tdt .  (2.21) 
o 

Therefore: 

43  
c~v(o)) = 4 v "  1 "]- O)2 3 2  

k T (  q~ ) 43 (2.22) 
- ~ l+2(/~l&+/~r&) 1+o)232" 

The voltage noise is composed of two terms, the first 
term is generated by the transport system and the 
second by the current clamp. Generally, this addi- 
tional second term depends on the special properties 
of the current clamp. In Sect. 2.6 it will be discussed 
further. 

2.5 Comparison  with current noise 

The spectral density of current noise, GAs(o)), in this 
simple case is (Frehland 1982) 

GAj(O))  = 2 qZ(icfil + lCrhr) . (2.23) 

It is frequency-independent white noise, while the 
frequency dependence of voltage noise comes from 
the dependence of voltage on the capacitance C. In 
order to examine the validity or invalidity of Eq. (1.3) 
we need the complex admittance Y(o)), which can be 
determined by calculating the linear current response, 
J, to a (small) periodic voltage applied to the system 
in addition to stationary voltage, VS: 

V = V s + 60 e i~t (2.24) 

j = js  + y(o)) eo e i~, • (2.25) 

The current J(t) is given by the net flux over the 
central barrier and by the membrane capacitance 

d V  
J = q(k t  (nl)  - kr (nr ) )  + C - -  (2.26) 

dt 

Introducing the voltage dependence of the rate con- 
stants [Eq. (2.6)] the linear response of J results in 
an admittance 

q2 
Y(o)) = (fct& + fc~hr) ~ + io)C , i 2 = - 1 (2.27) 

and with Eq. (2.11) 

I Y(o))l 2 C2 = 7 (1 + o)232). (2.28) 

Hence we get 

( 4 3 )  (2.29) GAJ(o)) -- k T  1 
I Y(o))l 2 C + g2 ~.,2 " 

Comparison with Eq. (2.22) shows that, apart from 
the additional noise generated by the current clamp, 
the relation (1.3) is satisfied. 

2.6 The noise contribution o f  the current clamp 

The additional contribution to the variance of voltage 
noise that the current clamp imposes on the transport 
system comes in via the Fokker-Planck moments and 



strongly depends on the special properties of the 
clamp. If for instance the net fluxes, q~, on both sides 
are composed of unidirectional fluxes ¢ ' ,  ~b" in both 
directions 

left: q~S = ~b;- q~[' 

right: q~s = ~b ' -  q~" (2.30) 

the transition probabilities in Eq. (2.16) become 

Q ( A n  = + 1; n s) = q)[ + q)r' 

Q ( A n  = - l ; n s ) = q ~ [ ' + 0 r ' ' .  (2.31) 

The Fokker-Planck moment is 

B ( n  s) = 4 (/~lhl +/~,h,) + ~b[ + q~[' + q~" + q~". (2.32) 

Hence in Eqs. (2.18), (2.20) etc., 2 q~S is to be re- 
placed by the sum (q~[ + ~b[' + q~' + qW'). 

Furthermore, by step-wise diffusion to (from) the 
membrane surface the discrete charges, q, might effect 

q 
a change of voltage, V, in fractions of . A n .  For 

2 C  
example, if on both sides A n  is divided into N equal 
steps in one direction, Eq. (2.16) is replaced by 

( , )  Q = A n  = N '  ns N (2.33) 

And from Eq. (2.14) it follows that 

B ( n  ~) = 4 (/~lr~l +/~rri,) + N q~" (2.34) 

Therefore, with this assumption, the additional con- 
tribution to voltage noise from the current clamp is 

1 
proportional t o - - .  It vanishes in the limit N--+ oo, 

N 
where the charge carriers diffusing to (from) the 
membrane cause a continuous change of membrane 
voltage. 

It is interesting to note that in the limiting case 
N--+ ~ we have done a stochastic analysis of a func- 
tion of n, which is a superposition of two parts: a step 
function with random steps, A n  = + 2, and averaged 
negative slope, - 2 q~, and a (deterministic) straight 
line with slope + 2 q~. Both parts are non-stationary, 
but the superposition results in a stationary random 
process. 

3. Voltage noise in pores with one binding site 

In this section we consider the voltage noise generated 
by ion transport through pores with one binding site 
and shall investigate the way in which the internal 
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Fig. 2. Two barrier model for pores with one binding site, with the 
membrane under constant current clamp 

structure of the system modifies the voltage noise. 
The current fluctuations in such systems have been 
discussed extensively (L/iuger 1975; Frehland 1978). 

We first treat the case with vanishing ionic inter- 
actions where the ionic motion is free jump diffusion 
over the two barriers within the system (c.f. Fig. 2). 
The current clamp is treated as described in the pre- 
ceding section. It generates an additional noise term, 
which can be discussed in complete analogy to Sect. 2. 

3.1 Vol tage 

The voltage across the membrane is given not only by 
the charges at the membrane surfaces but also by the 
charges in the internal binding site. If An1 denotes 
the deviation from the steady-state density, n], of 
charges, q, in this site the relation (2,4) for A V has 
to be replaced by 

1 
A V = [qAn  -'~ (72 - -  7 1 ) / I H 1 ]  ( 3 . 1 )  

2 C  

with 

71 + 72 = q .  (3.2) 

Equation (3.1) can be derived as follows: If an ion 
jumps from the left side into the binding site, the 
voltage is changed by 

71 
AV~ = - ~ A n l  , An1 = +1  . 

c 
(3.3a) 

Correspondingly, the voltage change, A V2, arising 
from an ionic jump from the right side into the 
membrane is 

72 
A V 2  = + ~ A n l  , A n 1 =  + 1 .  

c 
(3.3b) 
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Because the transport of an ion across the membrane 
is connected with a voltage change 

q 
A V1 - A V2 . . . .  A n ,  A n  = - 2  

2 C  

relation (3.2) is valid. Furthermore, AV1 and AV2 
are connected with changes, A n  = + 1, - 1, respec- 
tively. Hence with Eq. (3.2) we can write for Eq. (3.3) 

1 a 
A V I  - zc'c~-An + 2 C (72 - 71) An1, 

with A u  as in Eq. (2.6) and kt, kr, kl, k i '  denoting 
the steady-state values (Au  = 0) of rate constants. 
With (3.1), linearizati0n, and a as in Eq. (2.7) we get 
the linearized voltage dependences 

kl =/cl [1 + 

kr ~ / ~  [ 1 -  

ki' = hi' [1 

ki ~ / ~  [i + 

7 1 a q A n  - 71a(71 - 72)An1] 

7 2 a q A n  + 72a(71 - 72) Anl] 

7 1 a q A n  + 71a(71 - 72)An1] 

7 2 a q A n  - 72a(71 - 72)An1] . 

A n  = + 1, An1 = + 1 

q 1 
AV2 - A n  --1- - -  (72 -- 71)An1, 

2 C  2 C  

A n  = - 1, A n l  = + 1.  (3.4) 

For jumps from the binding site to the left and to the 
right the corresponding relations hold. Therefore 
Eq. (3.1) is generally valid. We note that the constant 
factor 71, 72 are the same as we have used in the 
theoretical description of current noise (Frehland 
1978). In the current noise experiment under voltage 
clamp conditions an ionic jump over the first barrier 
generates a current pulse proportional to 71 and 
similarly for the second barrier. 

The constants 71, 72 depend on the geometric and 
dielectric properties of the system. The relation of 
Eq. (3.1)for voltage, and further relations, are simpli- 
fied in the symmetric case, 71 = 72. 

3.2 Kinetic equations 

This yields, as in the preceding section for ( A n ) ,  the 
linearized kinetic equations for ( A n )  and (An1) ,  
which form the basis for the analysis of voltage noise: 

d(An) 
- -  - q [ m l  + m 2 ] ( A n }  

dt 

-'}- ((71 --  72) [ml + m21 - (/~i - /¢I ' )} (An1)  

d ( A n l )  
- -  - q [ml  - m2] ( A n )  

dt 

- -  { 0 ' 1  - -  72) [ml - -  m2]  - -  ( / ~ i + / ~ ' ) }  (An1)  

with 

ml  = aT1 (kill  + /e l ' h i )  

m2 = a72  (krlTIr -~- 1£{/~1) (3.8) 

or in matrix notation 

d ( a >  
- - -  K .  ( a )  ( 3 . 9 )  

dt 

with the vector a 

In contrast to Sect. 2 we n o w  arrive at two kinetic 
equations, one for the difference, (n) ,  of surface 
densities and another for the number, (nl), of ions 
in the binding site. One gets 

d (n)  
d~-  -- (kl(nl> -- k r ( n r ) )  

+ k~' (hi> - k~ (nl)  + 2 q~s 

d (nl> 

dt 
- - -  (k'l' + k ~ ) ( n l )  + k , (n t )  + kr(n~) . (3.5) 

The voltage dependence of the rate constants depends 

on the fractions 71 A V, 72 A V of voltage over the first 
q q 

and second barrier, respectively. 

kt =/¢l e rlau , ki '  = ]¢{' e -y'Au , 

A n )  (3.10) 
a = A n i  

and the matrix of coefficients K to be seen from 
Eq. (3.8). 

3.3 Fluctuations 

As in the preceding section, for the calculation of 
voltage noise the approach summarized in Appendix 
A1 is used. Because of Eqs. (3.1) and (3.2) the auto- 
correlation of voltage fluctuations is coupled to the 
correlation matrix (a(t) a(0))  as follows 

1 
CAr(t) = ~ {qZ( An( t )  An (O) )  

+ (72 -- 71) 2 (An l ( t )  An1(0)) 

+ q(72 - 71) [ (An( t )  An f fO) )  

k{ = kl  e r2Au , kr = for e -r~u (3.6) + (An l ( t )  An(0))]} (3.11) 
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and the spectral density GA v(~O) is given by the spectral 
density matrix G~(o)) through 

1 
GAy(cO) = ~ {qZ[G~(o))]n - 2 q (71 - 72)[G=(0))]12 

+ (Yl - 7/2) 2 [G,~(o9)]22}. (3.12) 

From the general formula of Eq. (A.10) follow the 
components of the symmetric spectral density matrix, 
G,,(a)), as functions of the matrix of coefficients, K, 
and the variance matrix, a 2. 

In Appendix A.2 the Fokker-Planck moments,  
B, and the variances, o z, are derived. As a result of 
rather lengthy calculations one gets the variance, ~r 2 v, 
and spectral density, G~ v(OJ), of voltage fluctuations 

6 
4 v = ~ {B22 [(y2 + 72) det K + q2 (m 2 + m])] 

+ Blzq2[(m 2 - m 2) 

- 2 (71 - Y2) (mlm4 -t- m2m3)] 

+ ~ 'q2[det  K + (m3 + m4)21} (3.13) 

1 
Gay(O) = C2 det (K 2 + c02E) ' {B22[q2(m~ + m]) 

q_ (y2 _{_ y2)0)2 ] ..1_ B 1 2 [ q 2 ( m 2  _ m24) 

with 

- -  -- r2)(.02] q_ q  q2[(m3 + m4)2 + o)21} 
(3 .14 )  

m3 =/~-~' 

m4 = ] ~ .  

O -1 = 2 ( K n  + K22) det K .  

The real and imaginary parts of the admittance are 
(c.f. L/iuger 1978; Frehland 1980) 

Re Y(¢o) = 2 C { y l m l  -I- y2m2 

17 
+ 1 + oJ2r ~ (ml - m2) (~2~7~ -- ~1/£{')} 

(DZ -2 
Im Y((o) = o)C - 2 C 1 + a)2r ~ (ml - m2) (Y2/~ - 71/~') 

(3.17) 

with mb m2 defined in Eq. (3.8). From Eq. (3.17) 
one gets 

] Y(~o)12 -~- Re 2 Y(o~) + Im 2 Y(o)) 

C2.g 2 
1 q- o)2T 2 ' det (K 2 + O2E)  . (3.18) 

Using Eqs. (3.17) and (3.18) the spectral density, 
G~ v(C0), of the voltage noise can be written in the form 

2 Ys(y2f¢{ - Ylk{') (k'l + k{') 
+ 

C 2 det (K 2 "}- (.0 2 E)  

+  o2)1 
+ C 2 det (K 2 + o)2E) (3.19) 

with the steady-state current 

js = q([q& _ k{'h~) = q(fc~& - k r l i r )  . (3.20) 

And from Eqs. (3.15), (3.18) it follows that 

GAj 1 
l Y((o) I 2 - C 2 det (K 2 q- ~o2E) ' {B22[q2(/¢~'2 q- ~ 2 )  

+ (r2  + r2 )0,2] + B i[q2(aT ,  _ 

3.4 Comparison with current fluctuations 

The spectral density, GAj(to), of current fluctuations 
has been calculated (L/iuger 1975; Frehland 1978) 
to be 

GAj(a)) = 2 [y~ (/~,hz + k~'hl) + y] (/¢rh,. + /~h : t ) ]  

4 r  
+  '=Gqr) - -  1 + (.o2r z 

(3.15) 
with 

1 
- =  ( /~  + / ~ ' ) .  (3 .16)  
T 

_ (y2 _ 72)0)21}. (3 .21 )  

As for the simple example in the preceding section, 
neglecting noise generated by the current clamp, the 
relation of Eq. (1.3) between GAj((o) and GAy(o)) is 
satisfied. Current clamp noise under different condi- 
tions can be treated in complete analogy to Sect. 2.6 
and is not further considered. 

3.5 Consideration o f  ionic interaction 

We will now extend our results to pores with the 
ionic interaction condition that each site can be oc- 
cupied by only one ion. In this case, the "single-file" 
effect concerning the ratio of unidirectional fluxes 
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K I 

t 

Kr 
Fig. 3. Two-state (empty, occupied) model for a pore with one 
binding site 

The Fokker-Planck moments for this case are listed 
in Appendix A3. 

Even the result of Eq. (3.21) can be shown to be 
valid. Hence, apart from the current clamp noise, the 
relation of Eq. (1.3) between the spectral densities 
of current and voltage noise is also valid in this simple 
case which includes ionic interaction. 

(Hodgin and Keynes 1955; Heckmann 1972) is not 
yet observed, because the maximum number of ions 
in one pore is only 1. On the other hand, the non- 
equilibrium fluctuation properties could be shown to 
be influenced by the interaction condition: the current 
noise intensity is reduced (Frehland 1984). 

Therefore it is interesting to investigate the voltage 
noise in this case. The single pore can be described 
by a two-state diagram according to Fig. 3, where the 
two states are empty and occupied pore, and N1, N2 
are the number of occupied, empty pores, respectively. 
The kinetic equations for (N~) and (N2) are 

d(N1)  d (N2)  
. . . .  M~2 (N2) - M2~ (N~) (3.22a) 

dt dt 

with 

M12 = KI + K r ,  m21 = k i  + k i '  

o r  

d(N1)  

dt 
- - - -  (MI2 + M21) (N1) + M12 Np (3.22b) 

with the constant total number of pores, Np, given by 

Np = N1 + N2. (3.22c) 

The kinetic equation for the difference (n) of surface 
densities has the form 

- (k{'  - k l  + K1 - Kr) ( N ~ )  
dt 

- (Kt - Kr) Np + 2 q5 s . (3.23) 

Closer inspection shows that the analysis of the pre- 
ceding section for the non-interaction case can be 
applied if we replace, in all relations, the mi (i = 1,. . . ,  4) 
by 

m l  = a y l [ I ( l ( N p  - N]) +/¢i'N]] 

m2 = ayu[I£~(Np - N~I) + k, Nl] 

m3 =/£t  + / ~ '  

m4 = /~r -t- ]~{. ( 3 . 2 4 )  

4.  D i s c u s s i o n  

In order to get more insight into the properties of 
non-equilibrium voltage fluctuations we have per- 
formed some numerical evaluations of our results. 

First, omitting the contribution of the current 
clamp itself the voltage noise in the one-barrier model 
has been calculated for varying capacitance C. Ac- 
cording to Eqs. (2.11) and (2.22) the intensity of low 
frequency voltage noise, Gdv(O), in the one-barrier 
model does not depend on the membrane capacitance, 

1 
C, while the characteristic f requency , - ,  becomes 

T 
smaller for increasing C. This behaviour, which is 
similar for one binding site pores, is demonstrated 
in Fig. 4. 

The voltage dependence of the pseudo first-order 
rates/~ltil,/~rhr is treated as in Sect. 2.3, i.e., the (voltage 
dependent) change of surface densities hi and rL is 
neglected because it is small compared with the 
voltage dependent change of/~z and kr. The same argu- 
ments are valid for the voltage dependence of the 
rate constants in the two-barrier models. 

On the other hand, the noise intensity at low 
frequencies in Eq_. (2.22) is inversely proportional to 
the sum, (/eft1 + k~hr), of jumping rates. As a con- 
sequence, for increasing voltage, the low frequency 
voltage noise decreases. Again, omitting the current 
clamp contributions, Fig. 5 shows the frequency 

6av 4 

-2 -1 0 1 2 
log{w} 

Fig. 4. Frequency-dependence of voltage noise for varying mem- 
brane capacitance C for voltage u = 1 g 25 mV. kT, q and ,(:fit 
(u = 0), /~rrir (U = 0) are set equal to one. 1, 2, 3 correspond to a 
capacitance C = 1, 2, 4, respectively 
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Fig. 5. Frequency-dependence of voltage noise for 
varying voltage u: 1) One barrier model,/ctril (u = 0) 
=/~,r/, ( u = 0) = 1.2) One binding-site-pores without 
ionic interaction,/cfit (u = 0) =/Cd'/r (U = 0) = 2, 

1 /¢~(U = 0) = /¢~' (U = 0) = 2, 71 = 72 = ~. 3) One 

binding-site-pores with ionic interactions as described 
in Sect. 3.5 Kt (u = O) = I£r (u = O) = 4, k~ (u = O) 

1 
=/:~' (u = 0) = 4, 71 = Y2 = ~. kT,  q and C are set 

equal to 1 

% 

l. 

0 

-2.5 
t 

0 2.5 -2.5 0 2.5 -2.5 0 2.5 

log(co) 

dependent  noise intensities for one binding site pores 
(without and with interaction). The rate constants 
are chosen in such a way that for small voltages the 
conductances are equal. Apart  from a small increase 
for small voltage in the case of one binding site pores 
without interactions the noise intensity tends to de- 
crease for increasing voltage and current. This 
tendency seems to be characteristic of voltage fluctua- 
tions in r i g i d  transport systems. It is planned to in- 
vestigate theoretically these fluctuations in more com- 
plex systems, expecially in systems where the 
transport units are movable (e.g., ion-carriers) or may 
exhibit conformational changes (nerve channels, ion- 
pumps). 

In previous sections, especially Sect. 2.6, it has 
been shown that the noise contribution of the current 
clamp strongly depends on the special properties of 
the current clamp itself, acting as a white noise source. 
In non-equilibrium noise experiments it might be an 
essential point to identify the contribution of the 
current clamp to the measured noise. Possibly, in 
current noise experiments, the problem of a noise 
generating voltage clamp should be carefully redis- 
cussed. In order to get some idea we have evaluated 
the second term in Eq. (2.22), which has been derived 
as explained in Sect. 2.1 from Eq. (2.16). Under  these 
special conditions both terms are compared for the 
one-barrier  model (Fig. 6). Under  equilibrium con- 
ditions (vanishing currents) the current clamp term 
vanishes. But for increasing voltage both terms behave 

{. krnr ) 
similarly. Asymptotically ~l.e., k ~ l  ~ 1 the current 

clamp intensity is half the system-inherent noise in- 
tensity. The essential property of voltage noise in 
decreasing with increasing driving force is preserved. 

Different behaviour of voltage and current noise 
is shown in Fig. 7, where the low frequency noise as 
a function of steady-state current, j s ,  is shown. In 
contrast to voltage noise, the current noise intensity 

L, Cl 

3 

1 . . . . . . . . . . . .  ~ ............. %. 

o ZZZI IZI  Q 
, I , I , I , I , I , I , I , I , t , 

-l, -2 0 2 4 
log(w) 

Fig. 6. Comparison between system-inherent voltage noise, i.e., 
first term of equations (2.22)-(solid line), and current clamp 
generated noise, i.e., second term of (2.22).(dotted line), for the 
one barrier model, a, b, e refer to the voltage u = 1,2, 4, respectively, 
C = I  

increases for increasing voltage. For both types of 
noise the ordering effect of ionic interactions (Freh- 
land 1984) leads to a reduction of low frequency noise 
intensities at high voltages. 

In view of the physiological importance of voltage 
noise it is interesting to try some predictions of the 
expected noise intensities for cells, though our results 
are derived only for rigid pores. Considering Eq. (2.20) 
we see that, apart from the current clamp term, the 
variance of voltage fluctuations in the one-barrier  
model for pores depends only on the capacitance, C, 
and is independent  of the transport rates, i.e., the 
resistance (conductivity) of the pores and the applied 
voltage. As seen from Fig. 5.1 and as discussed above 
the frequency-dependent  noise intensity decreases 
with increasing voltage at low frequencies and in- 
creases at higher frequencies so that the variance 
according to Eq. (2.21), 

G v  - c ffo) = y dd (4.1) 
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GAv (0} 

3 

2 

I 

0 
I I I I I I I 

0 2 z. 6 Js 

~Aj I~ 

10 

0 I I I I I , I I , 
0 2 z, 6 Js 

Fig. 7. Comparison of low frequency voltage and current noise 
Gzv(O), Gaj(0) in dependence on the applied voltage u. Curves 
1, 2, 3 correspond to the parameters and transport models 1,2, 3 
in Fig. 5. Parameters as in Fig. 5 

Appendix 

A.1 Master equation approach to steady-state 
fluctuations of scalar quantities 

This approach (Lax 1960; van Vliet and Fassett 1965; 
Chen 1978) starts from the linearized phenomeno- 
logical equations 

d (N) 
- K ( N ( 0 >  + Y  (A.1)  

dt 

(N: set of Markovian variables; K: matrix of coef- 
ficients; Y: inhomogenities), which can be derived 
from the Master-equation. With the deviations 

a = N - N ~ (A.2) 

from the steady-state one gets for a 

(a(t)) = g2(t) (a(O)) , (A.3) 

where the fundamental solution matrix ~2(t) is given 
by the matrix exponential 

g2(t) = exp ( "  Kt) .  (A.4) 

The variance matrix 

remains constant. Similar behaviour is observed for 
the one binding site pores. This result can readily be 
understood: for low transport rates the averaged re- 
laxation time, r, of a disturbance is greater and thus 
the contribution of a disturbance to the variance 
increases as the number of disturbances (jumps) de- 
creases. 

Quantitatively for cells with a surface area of 
10 .6 cm 2 and a capacitance of ~ 10 .6 Farad • cm -2 

we get a variance 

O~v = 4 0 . 1 0  -1° V 2 

i.e., 

~ 10 -1 m V .  (4.2) 

For smaller ceils of - 1 0  -1° cm 2 surface area 
(-- 10 3 ]k diameter) the mean fluctuation ~ takes 
a relatively high value of 10 mV. We emphasize that 
this estimation for rigid transport channels is in- 
dependent of the number and conductivity of the 
channels. We plan to investigate the important pro- 
blem of how more complex transport mechanisms 
(i.e., open-close kinetics, carriers, pumps) influence 
(reduce) the non-equilibrium voltage fluctuations. 

o 2 =  ( a a )  

d k  = <(~i (Zk> ( h . 5 )  

has to be determined from the equations 

a2I~ + Ko a = B(N s) (A.6) 

with K as the transpose of K and the components 
Bi~ of the symmetric matrix B called the second order 
Fokker-Planck moments 

Bi~(N') = ~ aiakO(N; N') (A.7) 
all N 

Q(N; N s) is the transition rate per unit time from 
NSto N. 

The correlation matrix C(t) is 

C(t) = (a(t) d(0)) = Q( t )a  2 . (A.8) 

The noise spectrum matrix 
ce 

Ga(o)) = Re f [C(t) + I~(t)] ei'°tdt (A.9) 
0 

becomes 

Ga( o) = 2 [K 2 + o 2E) -1 K o  2 + a 2 (R 2 + o)2E) -1 R ] .  
(A.10) 
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According to Chen (1975, 1978), in Eq. (A.8), 0-2 
may be replaced by B with the use of Eq. (A.6): 

The noise spectrum matrix can now be derived with 
the use of (A.10) or (A.11): 

Ga(co) = 2 [(K 2 + oo2E) -1 K B l i ( I i  2 + o)21~) -1 

+ 0)2(K 2 + ¢02E) -1 B(~([ 2 + 6o2E)-l](A.11) 

A . 2  Pores  with one  b ind ing  site: F o k k e r - P l a n c k  
m o m e n t s ,  variances and  noise  s p e c t r u m  matr ix  

4 
[G~(o))]ij = det (K 2 + co2E) [X/7 det K + X~ co2] 

with 
i , j  = 1,2 

+ 
)~]-1 ---- °'21Kll ± 0"22K12 

According to Eq. (A.7) the second-order Fokker-  
Planck moments  contain the transition rates for transi- 
tions from the steady-state, A n  = O, An1 = 0. The 
transitions are generated by ionic jumps into and 
out of the binding site, and the current clamp. The 
corresponding transition rates are 

+ + 
X12 = Z2-1 = O'22(K11 -{- K22) ~ (0-21K21 q- 022K12) 

+ 
)~2 --= 0-22Kll "+- 0"22/(21. (A.16) 

A . 3  F o k k e r - P l a n c k  m o m e n t s  f o r  ionic interactions 

Q ( A n  = - 1, An1 = + 1; N s) =/~t~il 

Q ( A n  = + 1, An1 = + 1; N ~) = /~rt~, 

Q ( A n  = + 1, An1 = - 1; N') = /~i '& 

Q ( A n  = - 1, A n ,  = - 1; N') =/£{~1 

and 

Q ( A n  = + I,  Ana = O; N s ) = 2 ~ s .  

(A.12a) 

(A.12b) 

(A.12c) 

(A.12d) 

(A.13) 

In Eq. (A.13) the current clamp is assumed to be 
generated by unidirectional discrete jumps of charges 
to the left side and away from the right [c.f. Eq. (2.16)]. 
From Eqs. (A.12), (A.13), and (A.7) one gets the 
Fokker-Planck moments  as follows: 

B l l  = [Clnl + ff, rI~r -t- (]~i "]- ]~t)  /~1 ~- 2 q~' 

B12 = B21 = _ ( k l n l -  ffCrl;tr) -- (k t  1' - It1) 1711 

B22 = lClFtl + £rnr  q- (]~i -{- 1£~')/~1- (A.14) 

The variances, o2k, are determined from Eq. (A.6) 
with the use of Cramer 's  rule. With Kil¢ as components 
of the matrix of coefficients K in (A. 1) the result is 

O'21 = ~[(B22 + 2 q~S)/31 - 2 B12K12K22 Or- B22K22] 

021 = 022 = - ~ [ B 2 2 ( K l l K 1 2  + K22K21) 
- 2 B12K11K22 + 2 ~bSK22K21] 

022 = 0[(B22 + 2 q5 s) K21 - 2 B12K21K11 "k B22/321 

with 

/31 = det K + Ka22 

/32 = det K + KZa 

d -1 = 2 (Kll + K22) det K .  (A.15) 

Considering the different notations in the interaction 
case the transition rates Eq. (A. 12) are 

Q ( A n  = - 1 , A N 1  = + 1; N s) = / ( l (Np  - N~) (A.17a) 

Q ( A n  = + 1, A N 1  = + 1; N s) = I ( , (Np  - N ] )  (A.17b) 

Q ( A n =  + 1,AN1 = - 1;NS) =/~( 'N]  (A.17c) 

Q ( A n  = - 1, A N t  = - 1; N s) =/~iN~ (A.17d) 

and 

Q ( A n  = + 1 , A N 1  = 0; N ~) = 2 q~. (A.18) 

In Eq. (A.18) we assume unidirectional jumps of 
charges [e.f. Eqs. (A.13) and (2.16)]. 

From Eqs. (A.17), (A.18), and (A.7) one gets the 
Fokker-Planck moments  as follows: 

B~I = ([c'1 + [ci') NSl + (I£ l + [ff~r) (Np - N ] )  + 2 qbs 

B~2 = B21 = (fcJ - fci') N]  - (I(~ - I~r) (Np - N~I) 

B22 = (fcl + k~') N~a + (Kt  + R , )  (Np - N ] )  . (A.19) 
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